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$1. INTRODUCTION 
LET X BE A compact manifold and 1) 11: TX+R a Riemannian metric on X. A family of 
Riemannian metrics, (1 (I,: TX-R, is called a deformation of (1 11 if (I 11, depends 
smoothly on t and 1) [I0 = 1) II. A deformation is trivial if there exists a one-parameter 
family of diffeomorphisms 4,: X +X, depending smoothly on t, such that &, = 
identity and 11 II1 = dTI( I). G iven a deformation, 1) II,, 0 zz t s 1, for each t we can 
consider the Laplace-Beltrami operator, A,, associated with the metric, II (I,. A defor- 
mation is called isospectral if for all 0 zz t, I tz I 1 the spectrum of A,, is identical with 
the spectrum of A,, (counting multiplicities). It is conjectured that most Riemannian 
manifolds are spectrally rigid, i.e. do not ad&t non-trivial isospectrai deformations. 
Here we will prove this is the case for negatively curved Riemannian 2-manifolds. 
THEOREM 1. Let X be a compact 2-manifold. Zf the curvature of (X, (I II) is 
everywhere negative, (X, )I I)) is spectrally rigid. 
To state our second result we need some terminology. Let q be a smooth 
real-valued function on X. By the Schriidinger operator associated with q we will 
mean the operator 
u E C”(X)+ Au + qu E C-(X). (1.1) 
It is known that in dimension one there are many q’s for which the operators (1.1) 
have the same spectrum. It is suspected that this is not the case in higher dimensions. 
In fact it seems plausible to conjecture that for most Riemannian manifolds, the 
spectrum of the operator (1.1) determines q. In this paper we will show that this is 
true for certain negatively curved Riemannian 2-manifolds. We will say that the 
Riemannian manifolds, X, has simple length spectrum if its periodic geodesics are 
isolated and non-degenerate in the sense of Morse theory, and no two periodic 
geodesics have the same period. It is well-known (see[l]) that the property of having 
simple length spectrum is a generic property of Riemannian manifolds. 
THEOREM 2. Let X be a compact negatively curved 2-manifold with simple length 
spectrum. Let ql and q2 be smooth functions on X. Suppose A+ ql and A+ 42 have the 
same spectum. Then q1 = q2. 
We will briefly mention the ingredients that go into the proof. The first ingredient 
is the following (see[2] and [3]): 
THEOREM 3. (a) Let X be a compact Riemunniun manifold with simple length 
spectrum and let q be a smooth function on X. Then the integrals of q over the periodic 
geodesics of X are determinable from the spectrum of (1.1). (b) Let X be a compact 
negatively curved Riemunniun manifold. Then the spectrum of the Lupluce-Beltrumi 
operator determines the lengths of the periodic geodesics on X. 
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The second ingredient is a theorem in dynamical systems. Let X be as above a 
compact negatively curved Riemannian 2-manifold, let S*X be its cosphere bundle 
and let 5 be the vector field on S*X which generates geodesic flow. 
THEOREM 4. Let f be a smooth function on S*X with the property that its integral 
over every closed integral curve of 5 is zero. Then there exists a C’ function, u, on X 
such that .$u = f. 
This theorem is due to LivEic[4]. We present a proof of it in an appendix. (We 
learned of Livcic’s work from Bowen after having given our own proof of this result.) For 
negatively curved surfaces Livcic’s result can be considerably strengthened. 
THEOREM 5. Under the conditions above the equation @ = f can be solved with 
u E c”(s*x). 
We do not know if Theorem 5 is true for Anosov flows in general. 
The proof of Theorem 5 will be given a sequel to this paper. 
52. SOME SYMPLECTIC PRELIMINARIES 
Let (Y be the canonical l-form pdq on T*(X). Then w = da defines the symplectic 
structure on T*(X). For every vector field A on T*(X) we denote by h] w the 
corresponding l-form: (AJ w)(p) = o(A, p) for every vector field p on T*(X). 
THEOREM 2.1. Suppose one has a family of Hamiltonians pt, homogeneous of degree 
one on T*X - 0 and a corresponding family of closed orbits, y,, depending smoothly on t 
such that -yt lies on the energy surface pt = 1. Let y = y0 and fi = (dpldt),+ Then if the y, 
are all the same length J,d = 0. 
Proof. Consider the band, B, in T*X swept out by the curves, yt, as t varies over a 
closed interval. Then JBo = JaB~ = 0 since the two integrals over the boundary are the 
lengths of the bounding curves. Along the curve y,: 
H,,jo=dp,=dp,+td~+O(t*)=dp,+d(t~)-ddt+O(t*). (A) 
However, the identity 
1 = p, = p0 + tfi + O(P) 
on y, implies 
d(p, + td) = O(t) dt + O(t’) 
on B so (A) can be rewritten 
Z’J6J= - fi dt + O(t) dt + O(t*) (B) 
on B where S is the vector field H, on the band yt. Now let L be the common length 
of the curves y, and let @ be the map of the cylinder 0 5 s I t, 0 IX I L onto B 
which maps the curves, t const, onto the trajectories yt in a parametic fashion. Then 
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@,(8/8x) = Z and the pullback of the function t on B is still t, so for @*w we have 
dx dt = @*/j dx dt + O(t) dx dt. (C) 
We have already observed that _faw = 0 so by (C) we get 
1’ (IL (a*$)(~, s) dx) ds = 0(t2). 
0 0 
Differentiating with respect to t and setting t = 0 we finally get 
as claimed. Q.E.D. 
53. GEOMETRIC PRELIMINARIES 
We begin by reviewing some elementary facts about the geometry of Riemannian 
Z-manifolds: Let X be a compact Riemannian 2-manifold which for simplicity we will 
assume is oriented. We will identify the cosphere bundle S*X with the oriented 
orthogonal coframe bundle, F*X, of X. The fibration 
is a principal SOQ)-fibration. We recall[5] that the basic forms wr and 02 are 
defined by the formula 
(Wi),(~) = (Fi-Li, (dlr)*u) 
at the point z = (x, CL,, p2) of F*X. Let a/HI be the infinitesimal generator of the action 
of SO(2) on F*X. By a fundamental theorem of 2-dimensional Riemannian geometry 
there exists a unique one-form cp on F*X called the connection form with the 
following properties: 
(Q, a/at9 = 1 
do, = Q A o2 
dQ=Ko, A w2 (3.1) 
where K in the last line is the pull-back to F*X of the scalar curvature function on X. 
Let &, e2 and a/a@ be the vector fields on F*X dual to w,, w2 and Q. The dualized 
version of formula (2.1) says that 
[a/at 5,1 = e2 
[am, t2i = - 5, 
and [5,, t21 = Kalae. (3.2) 
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Now define 
and . 
We will rewrite (2.2) in the form 
[l/V/( - l)a/ae, 7j+] = q+ 
[l/V/( - l)a/ae, n-1 = - n- 
[VI+, v-1 = - vww/( - 1wae 
where & = n+ + n-. Let R be the canonical volume form on F*X: 
(3.3) 
(3.4) 
R = W’ A W2 A cp. 
By (3.4) we can compute the Lie derivative of R with respect to 5,: 
which is zero. Therefore, the one-parameter group of diffeomorphism of F*X 
generated by 5, is volume preserving. The same is true of the one-parameter group 
generated by a/a&J; so, by a theorem of Stone, (I/d/( - l))a/&3 and (l/d/( - I))& extend 
to self-adjoint densely defined operators on L’(F*X). We will now prove a series of 
lemmas which describe the fundamental properties of these operators. 
LEMMA 3.1. L2(F*X) breaks up inio an orthogonal direct sum of subspaces 
2 Hm --oc<n<m (3.5) 
such that on H,, (l/u/( - l))a/aO is n times the identity operator. 
Proof. Triangulate X so that on each 2-dimensional face Xi of the triangulation the 
fibration F*(Xi) + Xi is trivial. Since 
L’(F*X) s z L’(F*Xi) 
we are reduced to the case where F*X+ X is a trivial fibration. But then F*X = 
S’XX so 
and the conclusion is clear. Q.E.D. 
L2( F*X) = L*(Y) & L’(X) 
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LEMMA 3.2. q+ extends to a (densely defined) operator from H, into H,,, for all n. 
Moreover its transpose, q+‘, is just -n_. 
Proof. If j E H,, then 
W~/( - l))a/Wq+f = n+((l/V( - l)HMj) + [(l/V/( - l))a/ae, T+]j 
= nn+j + n+j = (n + l)n+j 
by (3.4) proving the first assertion. Since 5, is skew-adjoint and 6, = r)+ + n-, 
- (q+l + q-7 = q+ + q- 
and so by homogeneity considerations n+’ = - n_ and n_’ = n+. 
Q.E.D. 
LEMMA 3.3. Let n(n) be the bundle of holomorphic differentials of type (dz)” on X. 
Then CV(n)) imbeds as a dense subspace of-H,. Moreover q+: H. + H,,+, is the L2 
extension of a first order elliptic diferential operator, 6+: Cz<fi(n))+ C”(R(n + 1)). 
COROLLARY. The operator 
(q+)‘q+: H, -+ H. 
is a non-negative self-adjoint operator with discrete spectrum tending to + m. 
Proof of the lemma. Sections of n(n) can be regarded as functions on F*X which 
transform according to the formula 
f (P,z) = ei” “f (2) 
where pe is rotation by the angle 8. This gives the required imbedding of C”(R(n)) into 
H,. It is easy to check (by inspection of (3.3)) that n+, restricted to H,, is a first order 
differential operator with the same symbol as the Dobeault operator F: C=(fi(n))+ 
C-(fl(n + l)), (see [6]), which proves the second assertion. 
Q.E.D. 
LEMMA 3.4. Let a0 = min ( - K/2) and a1 = max ( - K/2) where K is the scalar 
curvature junction. Then for all j E H. fl domain v+ II domain q- and n 2 0 
llt7-fll* +aonIlfl12 5 Ilrl+fll* 5 ll~-fl12 + wM*. (3.6) 
Proof. By (3.4) 
(n+)‘n+ = (n-)‘n- -(K/2)(1/V/( - l))a/ae, 
so if j is in H, 
((A~+)k+f, f) 2 ((‘,)‘t7-f9 f> + aon(f, f) (3.7) 
with a similar inequality the other way: 
TOP Vol. 19. No. 2-G 
Q.E.D. 
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Finally we will need an elementary geometric fact 
LEMMA 3.5. Under the identification of S*X with F*X the vector field 5, introduced 
above gets identified with the vector field 5 generating geodesic flow. 
Proof. This is just a restatement of the classical theorem which asserts that the 
tangent vector to a geodesic is translated parallel to itself by parallel transport. 
We now prove the following theorem which is the basic result needed for the 
proofs of Theorems 1 and 2. 
THEOREM 3.6. Let p be a smooth function on S*X of the form 
Pi E Hi* 
Suppose the integral of p over every periodic integral curve of 5 is zero. Then there 
exists a smooth function q of the form 
q = 2 4iv qi E Hi, 
IiJsN-I 
such that .fq = p. 
Proof. By Theorem 4 there exists a C’ function, q, on S*X such that eq = p. Let 
q = 5 qi with qi E Hi. The equation 5 = p is equivalent to the system of equations 
-PZ 
r)-%+I + 7+%-l = Pi. i=O.*l,k2,... 
Since pi = 0 for ‘1 7 N we have 
T+qi-I + T-qi+l = 0 
for i 7 N. By Lemma 3.4 we get 
(3.8) 
for all i 7 N. Since q is C’, the functions, ~+qi, tend to zero in the Lz topology as i 
tends to infinity; so (3.8) implies that nI’qi = 0 for all i 2 N, and hence by Lemma 3.4 
qi = 0 for i I N. 
Analogously we can prove that qi = 0 for i I - N. We will now show inductively 
that the qi’s are smooth. We can write n+qi-I = pi - n-qi+l. For i 2 N the right hand 
side is smooth. By Lemma 3.3 qN-, is smooth. By induction 4i-I is smooth for all i. 
!+I. THE PROOFS OF THEOREMS I AND 2 
Let I( 11, be a smooth family of Riemannian metrics on X, for 0 5 t 5 I. with (1 11” 
equal to the given Riemannian metric, II II. Let p,: T*X+R be the function. (x. e)+ 
Il&‘, and let pn = p_ Let p be the restriction of dpldtl,,,, to S*X. 
LEMMA 4. I. 0 is in Hz @ Ho @ H-? and satisfies 
fi? = p-2, l&l = PO (4.1) 
where pi is the Hi-th component of 0. 
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Proof: Let x0 be an arbitrary point of X. Every complex valued quadratic form on 
TX, can be written as a linear combination of (dz)‘, (df)* and 11 1:. It is real if and only 
if it satisfies (4.1). 
Q.E.D. 
Definition. We will call an element of HZ $ Ho $ H_* satisfying (4.1) an infinites- 
mal deformation of (X, 11 II). 
Let cp,: X +X be a smooth one-parameter family of diffeomorphisms of X with 
(o. = identity. Let n = dp,/dt(,=o Let ~0:: T*X + T*X be the diffeomorphism induced 
by (P, on T*X and let 77’ = dp;/dtl,=o. It is easy to see that q’ is just the Hamiltonian 
vector field, H, where q: T*X+R is the function 
9(x1 5) =(77(x), 5). (4.2) 
LEMMA 4.2. The restriction of 4 to S*X Iies in H, @ H-, and satisfies a1 = q_1 where 
ql and q_] are the H, and H_, components of q. 
Proof. Let x0 be an arbitrary point of X. 
By (4.2) 4 restricted to TI, is linear. However, every complex-valued linear 
function TX, is a linear combination of dz and dT and it is real valued if its dz and df 
components are conjugate. 
Q.E.D. 
Now let 1) I/t = pT]j I/*. Th e infinitesmal deformation of the Riemannian structure 
obtained by differentiating )I IJ,Z at t = 0 is just the function 7’~. Since p is the 
Hamiltonian associated with the geodesic vector field 6 and 4 the Hamiltonian 
associated with n’, 
7’P = - ss = -(II+ + q-)q. (4.3) 
Definition. Let @ be an infinitesmal deformation of (X, )I I)). We will say @ is trivial 
if it is of the form @ = (v+ + q-)q for some real element, 4, of H, @ H-,. 
THEOREM 4.3. Let 11 II be a metric on X which is negutioefy curued. Let II II,, 
0 I t 5 I, be an isospectrul deformation of II II and let fi be the corresponding 
infinitesmul deformation. Then fi is trivial. 
Proof. By Theorem 3A and Proposition 2.1 the integral of @ over every periodic 
integral curve of 5 is zero. Therefore by Theorem 3.6 there exists a smooth function 4 
on S*X such that 54 = p and q = q-1 + q0 + ql where qi E Hi. Since pI and p_, = 0, 
t)+qO and q-q0 = 0. Also since q0 E H,, 8139 q0 = 0. The vector fields n+, TJ- and ala6 
span the tangent space to S*X at each point, so q0 is necessarily a constant and we 
can assume it is zero. 
Q.E.D. 
Now we will show that Theorem 1 is an easy consequence of Theorem 4.3. If II )I is 
. negatively curved, then 11 )I , is negatively curved for t sufficiently small; so, by 
Theorem 4.3 applied to II JJ,, 0 , is a trivial infinitesimal deformation of (X, I/ )I,). Letting 
t),+ and n; be the analogues of v+ and u- for (X, II II,), we have 
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for some smooth, fib,er-wise linear funcion. qr, on T*X. In particular 
(d,>? = (77tx4th (4.4) 
the subscripts denoting homogeneous components with respect to the S0(2)-action. 
Since qt+ is an injective elliptic operator depending smoothly on the parameter, t, (q,), 
depends smoothly on t. The same is true of (s,)_, since (s,)_, = (4,,,. By assumption 4, 
is fiber-wise linear so it is of the form 
4,(x, 5) = (qt(x), 0 
v1 being a smooth vector field on X. Since q1 depends smoothly on t, so does 7,. Let 
4,: X +X be the unique one-parameter family of diffeomorphisms of X defined by 
qr = 4;’ ddddt 
with &, = identity, and let (1 11; = 4:II I(. By construction 
dlddl II: = dl II:, II lb = 11 1. 
On the other hand, by the definition of vr, 
Comparing these two equations, we see that I( II1 = I( I(: for all t. This proves Theorem 
1. 
Finally we will prove Theorem 2. Let X be a negatively curved 2-manifold with 
simple length spectrum. Suppose the operators A+ ql and A+ Q have the same 
spectrum. Let p0 be the pull-back to S*X of the difference ql - 42. Then by Theorem 
3B the integral of p0 over every periodic integral curve of 6 is zero, and p0 is clearly 
in H, ; so by Theorem 3.6, p0 = 0. 
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APPENDIX 
THEOREM A.1. Let X be a smooth compact manifold and cp~: X+X, - 3~ < t < ~0, 
an Anosov flow. Given a smooth function, f, on X whose integrals over each of the 
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closed trajectories of q are zero, there exists a function, u E C’(X) such that, for 
s>o 
(A.1) 
We begin by fixing some notation. If f E CxX, x E X and u E T,, we will denote 
by (u, fL the derivative of f with respect to v at x. The flow, q+, on X induces a flow 
on TX which we will denote by q*(t). We will fix for once and for all a Riemannian 
metric d: X x X + R. If Y is an immersed submanifold of X we will denote by dY the 
induced metric on Y. If Y is the leaf of a smooth foliation, u, we will sometimes write 
d” in place of dY. It is clear that (Y, d”) is a complete (not necessarily compact) 
Riemannian manifold. Given a foliation, a, on X we will denote by V(u) (or 
sometimes simply V) the corresponding subbundle of the tangent bundle, TX. Let ,$ 
be the infinitesimal generator of the flow, (p,. For the following proposition we refer 
to [7]. 
PROPOSITION A.2. If p, is Anosov, there exist cp,-invariant foliations uO, o+ and U- 
on X such that 
(a) dim u” = 1 and the leaves of u” are the trajectories of the flow, cp,. 
(b) The leaves of u’ are C-manifolds. 
(c) The bundles V(U*) are Holder for some Holder index greater than zero. 
(d) TX = V(8) @ V(u+) @ V(u-). 
(e) There exist positive constants, C and a, such that for any pair of points, x,, 
x2 E X, lying on the same leaf of u+ (or a-) 
dYdxJ, dxd) 5 Ce-ut’l @(x1, x2) (A.3 
fort 20 (t SO). 
Henceforth we will denote V(u”), V(u’) and V(u-) by V”, V’ and V-. Given f 
satisfying the hypotheses of Theorem 3.1 we will define a one-form, q, on X by the 
formula 
q(5).1 = f(x) 
I 
Z 
w,(uf), = - (qo*(t)u+, f)dt for u+ E V, 
0 
for 0-E V,- 64.3) 
at each point, x, of X. It follows from (d) and (e) of’ Proposition A.2 that w, is 
well-defined and from (c) that wr is continuous. Now let x0 be a point in X such that 
the forward trajectory, y, through x0 is dense in X. (Such points always exist. See[7].) 
We define a map u: y + R by the formula 
u(x)= os f(dxoN dt I (A.4) 
at x = (ps(xo). Clearly for all x E y we have 
da(x)) - u(x) = 
I 
os f(cp,(x) dt. 
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We will prove 
THEOREM A.3. The function, u, extends to a C’-function on X satisfying du = 0,. 
From the Riemannian metric on X we get an exponential mapping 
which maps a neighborhood, U, of the zero section in TX diffeomorphically onto a 
neighborhood, 0, of the diagonal in X x X. We fix S > 0 such that any pair (x, y) with 
d(x, y) < S lies in 0. For any such pair we can write 
@-‘(x9 Y) = cc a,(y)) (A.3 
with a,(y) E T,. We can also decompose a,(y) into its components with respect to VI-, 
V,” and V,‘; i.e. 
4Y) = ax-(Y) + ax”(Y) + %‘(Y). 64.6) 
To prove Theorem A.3 it suffices to prove the following 
PROPOSITION A.4 There exists a positive function a(e) defined on the interval 
0 < E < S such that a(e) = o(e) for E +O and 
My) - u(x) - (of, LY,(YNI 5 a(e) 64.7) 
for (x, Y) E Y and 4x, Y) < l 
Proof. Let Us+ be the leaf of the foliation, o+, containing x. Denote by D,* the set 
of points, z, in ax+ with dU+(x, z) < 6’ where 6’ is a small number which we will fix later 
on. For any point z E 0,’ we will denote by cZr- the leaf of the foliation, u-, 
containing z and by D,- the set of all w E o,- with d”-(z, w) < S’. Denote by S, the set 
of all w E X of the form w E D,- for some z E 0,‘. For S’ small enough, S is a 
submanifold of X of codimension 1 and is transversal to the trajectories of 9,. In 
addition the map 
r(w) = z, where w E a,-, is well defined and is a fiber map. Since the flow, (pI, is 
smooth there exists a to with /toI < C,E such that so,(y) ES,, C, being a constant 
independent of x and y. If j = r&y) we have 
u(y’)-u(x)=u(y’)-u(Y)+u(Y)-u(x) 
= f(x)to + u(y) - u(x) + O(E). 
In addition 
a,(Y) - &u,(Y) = tot + 45); 
therefore it is enough to check (3.7) when y E S,. 
By assumption x and y in (3.7) are on y; so y = (pr(x). If we take E small enough 
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then T will be larger than any constant we prescribe beforehand. Let z = g(y). It 
follows from part (e) of Proposition 3.2 that, for all .z E D,‘, 
d”+(qr(z), y) < Ce-“T d(.z, x); (A.@ 
so there exists a t,, with It,] < Ce-“’ d(r, x), such that (Pr+~,(z) E S,. From (A.8) we also 
see that if z. = r(y) then 
d(dvT+&h 20) < c’ esaT dk X) 
with C’ another constant not depending on x and y. Provided T is large enough, 
there exists a zl E 0,’ and a t, E R such that It,/ <e-“T*, d*+(z,, zo) < ewaT* and 
r((Pr+r,(z])) = zl. From (e) it follows that for T sufficiently large, (P& maps D;, into 
itself, so there exists a fixed point, wl, of this map, with do-(w,, (Pr+~,(z~)) < C:l. We will 
now prove Proposition A.4. We write 
u(y) - u(x) = f(cp,(x)) dt = I + II + III + IV 
where 
I= I oT f(cp,(xN - f(cp,(zd) dt, 
I 
T+r, 
II = f(q,(z,)) dr, T 
I 
T+I, 
III = f(cp,(w,)) -f(cp,(zJ) dt o 
and 
I 
T+I, 
IV = - f(cpr(w,)) dr. 
0
Since (Pr+r, (w,) = wI the last integral is zero by our hypotheses on f. The second 
integral is of order O(lt,l) = O(emoc) = O(E). Condition (e) implies that d(cp,(x), ~~(2,)) 5 
E eeat; so, for the integrand of I we get the estimate 
Mf(cp,(x)) - f(dz4 = - ((P&)(Y,+(z~, f) + Wema’*). (A.9) 
Substituting (A.9) into I, we obtain 
I 
T 
I=- ((~dfk+h f) dt + O(E) 
0 
=- I om (cp&h+(zA f) dt + O(E) 
=- I o= (Sc,Oh+(y), f) dt + O(E). 
Similarly for III we get 
0 
I , _T+t f(‘+‘h+&‘d -fk'tb'T+r,(Z,)) dt 
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which is equal to 
I 
0 
_x (n+d~b;Jw), f> dt + O(E) 
where z2 = (~r+~,(z,). This expression in turn is equal to 
I 
0 - _= (cpz+z(t)a;-(~)~ f> dt + O(E) 
This establishes A.7 and proves Proposition A.4. As we remarked above, Proposition 
A.4 implies Theorem A.3 and Theorem A.1 is a trivial corollary of Theorem A.3. 
